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Abstract

A simplified method for the free vibration and flutter analysis of bridge decks is presented. Bending–
torsion coupled beam theory with warping stiffness included is used in the structural idealization of bridge
decks in order to derive explicit formulae for natural frequencies and mode shapes. These are used to
perform the flutter analysis. The time-dependent aerodynamic forces are modelled using Theodorsen type
flat plate theory. Expressions for generalized mass, generalized stiffness and generalized aerodynamic force
terms are derived in compact explicit form. The flutter problem is then formulated by summing
algebraically the analytical expressions for generalized mass, generalized stiffness and generalized
aerodynamic forces, and the associated flutter determinant is expanded in analytical form. Finally, the
flutter speed and flutter frequency are thereby determined by using a standard root finding procedure. The
method is demonstrated by numerical results. This is followed by some concluding remarks.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Free vibration and flutter analysis of bridge decks is an important area of investigation. After
the collapse of the Tacoma suspension bridge in 1940, the importance of such research has been
recognized widely by scientists and engineers. The serious nature of the flutter instability of the
Tacoma bridge is well documented in films, reports and research papers. Since this disaster
research in the area of free vibration and flutter analysis of bridges has expanded with many novel
ideas. A small, but carefully selected, sample of the literature [1–22] shows that a wide range of
procedures and methodologies for tackling the problem is now available. One striking feature of
this published literature is the overlap between the problems of free vibration and flutter analysis
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of high aspect ratio aircraft wings and those of bridges. In particular, the structural model of a
high aspect ratio aircraft wing based on beam theory has often been used to idealize bridge decks,
especially those with long spans [2,6,7,11,21] for which the length to thickness ratio is usually very
high. In the idealization of the unsteady aerodynamic forces on bridges arising from wind, gust
and turbulence, Theodorsen’s theory [23] of harmonically oscillating flat plate, which is well
established in aeroelastic studies of aircraft wings, has been used [8,13,22] to carry out the flutter
analysis. However, one important difference between the two applications is in the boundary
conditions. For aircraft wings, cantilever end (boundary) conditions are often used whereas
simple-support end conditions are naturally more appropriate for bridges. Although the origin of
the flutter problem lies historically in the aeronautical engineering field, many of its fundamental
principles can generally be applied to civil engineering structures such as bridges. Of course, the
numerical values of the input data for the two types of problems can be markedly different (for
examples, the values of bending and torsional rigidities, mass per unit length, mass moment of
inertia per unit length, length, etc.). The author’s own experience in the field of aircraft vibration
and flutter analysis suggests that a technology transfer of this nature from aeronautical to civil
engineering is of great value.
In the preliminary stage of this research, a literature survey was carried out. Refs. [1–22] furnish

a chronological development in the field, which provide the reader with a useful introduction to
the subject. These papers are broadly classified under (i) free vibration and (ii) flutter analysis,
bearing in mind that free vibration analysis is a fundamental pre-requisite before carrying out a
flutter analysis when the normal mode method is used. The key publications are briefly reviewed
as follows.

1.1. Free vibration analysis

Steinman [1] is one of the earliest investigators to derive a set of simple formulae for natural
frequencies and mode shapes of suspension bridges using a representation of the deflected shape
by sine waves, and the overall structure by equivalent rigidity and mass properties. Later Vellozzi
[2] gave an analytical formulation for the dynamic behaviour of suspension bridges by accounting
for a moving load. He used beam theory and derived the governing differential equations of
motion by applying Newton’s second law. Both free and force vibration problems were solved for
a single-span suspension bridge and the method was illustrated by numerical results. In the late
197055 Abdel-Ghaffar [3–5] used the finite element method to analyze the vertical, torsional and
lateral free oscillations of suspension bridges. Van der Woude [6] investigated the natural modes
and frequencies of a simple (single) span suspension bridge with straight backstays by using
Lagrange’s equation and Fourier series representation of cable displacements. He conducted
model tests in the laboratory and his experimental results agreed quite well with his theoretical
predictions. Hayashikawa and Watanabe [7] studied the vertical vibration of suspension bridges
using Timoshenko’s beam theory and obtained a general solution of the resulting fourth order
differential equation. They illustrated their method by numerical results obtained for the famous
Innoshima bridge built in Japan. Other contributors to the free vibration analysis of suspension
bridges include Brownjohn [17], Hayashikawa [18], Rossikhin and Shitikova [20] and Holubova-
Tajcova [21].
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1.2. Flutter analysis

Agar [8] and Miyata and Yamada [9] solved the flutter problem of suspension bridges using
numerical methods based on normal modes and Theodorsen-type unsteady aerodynamics [23].
Later Scanlan and Jones [10] made a noteworthy contribution when they presented an empirically
based formulation for flutter analysis in the frequency domain using flutter derivatives. Their
investigation is focussed around experimentally determined flutter derivatives, and a full three-
dimensional modal analysis of the structure. Tinh [11] developed a theoretical formula to
determine the critical flutter speed of a suspension bridge and tabulated results for a wide range of
parameters so that estimates of flutter speed for different suspension bridges can be obtained.
Agar [12] extended his earlier work [8] and addressed the issue of how the degree of refinement of
the basic structural model and the number of natural modes included in the analysis affect the
flutter prediction. Kobayashi and Nagaoka [13] and Preidikman and Mook [16] showed the effect
of an active control technology in suppressing the flutter of suspension bridges. The identification
of flutter derivatives by experimental means can be found in the work of Zasso et al. [14] and
Singh et al. [15]. Beith [19] used a practical engineering method by de-coupling the equation of
motion to response in each mode while investigating the flutter characteristics of long span
bridges. Katsuchi et al. [22] presented an analytical investigation on multimode coupled flutter
and buffeting of the Akashi-Kaikyo bridge and compared their results with related wind tunnel
tests. Their theoretical results compared favourably with experimental ones.

1.3. Object of this paper

The object of this paper is to give a simplified method for the free vibration and flutter analysis
of bridge decks using the normal mode method and generalized co-ordinates. Particular emphasis
is placed in generating all explicit algebraic expressions, which are needed for the free vibration
and flutter analysis. These expressions are short, compact and concise and their derivations
involve detailed algebraic simplifications. In the structural idealization of the bridge it is assumed
that the overall structure can be modelled by its effective bending, torsional and warping rigidities
together with representative values of its mass and inertia properties. It is assumed that the shear
centre and centroid of the bridge cross-section are non-coincident so that coupled bending–
torsion beam theory with warping included is needed to describe the free vibratory motion. (This
is particularly relevant for lateral vibration of suspension bridges as opposed to vertical
(transverse) vibration.) First an explicit analytical formula is derived, which gives the natural
frequencies of a suspension bridge for simply supported (pinned–pinned) end conditions. Mode
shapes (which are coupled in bending and torsion as a result of non-coincident mass and shear
centre) are expressed in explicit analytical form. Next the expressions for generalized mass and
stiffness in each mode are derived in explicit algebraic form. In the aerodynamic idealization of
the bridge, Theodorsen’s theory [23] is used and the unsteady aerodynamic forces are expressed in
modal co-ordinates. Explicit expressions for the elements of the generalized aerodynamic matrix
are derived in algebraic form by simplifying the algebra considerably. These are complex
expressions whose real and imaginary parts are identified. Once the analytical expressions for
generalized mass, generalized stiffness and generalized aerodynamic force in each mode are
obtained individually in explicit form, they are summed algebraically to formulate the complex
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flutter function, which is primarily a function of two unknown variables, namely the air-speed and
the frequency. The zeros of this function, which give the flutter speed and flutter frequency, are
obtained by a standard root finding procedure.

2. Theory

2.1. Free vibration analysis

A single span suspension bridge is shown in Fig. 1 in a schematic diagram. In this paper,
attention is confined to the central part of the bridge (Section 2 of the Figure) which is generally
more susceptible to free vibration and flutter phenomena than the rest of the structure. This
portion of the bridge is idealized as a uniform bending–torsion coupled beam, possessing an
equivalent representative, but effective, values of bending (EI), torsional (GJ) and warping (EG)
rigidities, mass per unit length (m) and mass moment of inertia per unit length (Ia), respectively.
The co-ordinate system and notation for the central part of the bridge (which is represented by

a uniform bending–torsion coupled beam) is shown in Fig. 2. The length and width (semi-width)
are taken to be L and 2b (b), respectively. The elastic axis is assumed to be at a distance bah from
the mid-chord (mid-width) position whereas the mass axis is assumed to be at a distance bxa from
the elastic axis as shown. (Note that ah and xa are both non-dimensional quantities expressed as
fractions of semi-chord and they are positive in the positive direction of X as shown.) The elastic
axis, which is coincident with the Y-axis, is allowed to deflect out of plane by hðy; tÞ; while the
cross–section is allowed to rotate or twist about OY by cðy; tÞ; where y and t denote distance form
the origin and time, respectively.
Using bending-torsion coupled theory with warping stiffness included, the governing

differential equations of motion in free vibration can be written as [24]

EI
@4h

@y4
þ m

@2h

@t2
� mbxa

@2c
@t2

¼ 0; ð1Þ

EG
@4c
@y4

� GJ
@2c
@y2

þ Ia
@2c
@t2

� mbxa
@2h

@t2
¼ 0: ð2Þ

Fig. 1. A single span suspension bridge.
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Assuming harmonic oscillation with circular frequency o; then

hðy; tÞ ¼ HðyÞeiot;

cðy; tÞ ¼ CðyÞeiot: ð3Þ

Substituting Eq. (3) into Eqs. (1) and (2) gives

EI
d4H

dy4
� mo2H þ mbxao2C ¼ 0: ð4Þ

and

EG
d4C
dy4

� GJ
d2C
dy2

� Iao2Cþ mo2bxaH ¼ 0: ð5Þ

If simple support end conditions (pinned–pinned) are assumed then the mode shapes for bending
displacement (H) and torsional rotation (C) in the nth mode can be assumed as

HnðyÞ ¼ Cn sin
npy

L
;

CnðyÞ ¼ Dn sin
npy

L
; ð6Þ

where Cn and Dn are the amplitudes of bending displacement and torsional rotation in the nth
mode, respectively. (Note that the simple supports prevent local torsional rotations.)
Substituting Eqs. (6) into Eqs. (4) and (5) gives

EI
np
L

� �4
�mo2

� �
Cn þ mo2bxaDn ¼ 0 ð7Þ

Air Flow 

b bah bx�

Fig. 2. Co-ordinate system and notation for a suspension bridge idealized as a bending–torsion coupled beam.
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and

mo2bxaCn þ GJ
np
L

� �2
þEG

np
L

� �4
�Iao2

� �
Dn ¼ 0: ð8Þ

Elimination of Cn and Dn from Eqs. (7) and (8) yields a quadratic equation in o2 whose two
roots which give the natural frequencies of the beam (bridge) for any integer value of nðn ¼
1; 2; 3; 4;yÞ are given by

o2
n ¼

B2
n þ T2

n7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðB2

n � T2
n Þ

2 þ 4ð1� mÞB2
nT2

n

q
2m

; ð9Þ

where

B2
n ¼

EIn4p4

mL4
; ð10Þ

T2
n ¼

GJn2p2L2 þ EGn4p4

IaL4
; ð11Þ

and

m ¼ 1�
mðbxaÞ

2

Ia
: ð12Þ

Eq. (9) can be used to determine any number of natural frequencies of the bending–torsion
coupled beam (bridge). Note that for the uncoupled (degenerate) case (when bending and
torsional motions are decoupled) xa ¼ 0 and hence m ¼ 1 from Eq. (12). The substitution of m ¼ 1
in Eq. (9) gives the natural frequencies as Bn and Tn which are natural frequencies of a simple
Bernoulli-Euler beam in bending and torsional vibration, respectively.
From Eq. (7) the ratio of the bending and torsional amplitudes follows as

Cn

Dn

¼
bxa

ð1� n4p4EI=mo2
nL4Þ

¼
bxa

ð1� B2
n=o2

nÞ
: ð13Þ

2.2. Generalized mass and generalized stiffness

The generalized mass Mn and generalized stiffness Kn in the nth mode of the bending–torsion
coupled beam can be derived using the procedure put forward by Bishop and Price [25]. These are,
respectively given by

Mn ¼
Z 1

0

½ðmH2
n þ IaC2

nÞ � 2mxaHnCn� dx; ð14Þ

and

Kn ¼
Z 1

0

½EIðH 00
n Þ

2 þ GJðC0
nÞ
2� dx; ð15Þ
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where x is the non-dimensional length given by

x ¼ y=L; ð16Þ

and
Hn and Cn are the mode shapes given by Eq. (6)
However, a simpler way to calculate the generalized stiffness Kn would be to use the following

equation:

Kn ¼ o2
nMn; ð17Þ

where on; the nth natural frequency has already been calculated from Eq. (9) prior to the
calculation of the mode shapes Hn and Cn:
Using the (sine function) expressions for Hn and Cn given by Eq. (6), the three x dependent

integrals, which appear in Eq. (14), can be replaced by C2
n=2; D2

n=2 and CnDn=2 to give the
generalized mass as

Mn ¼ 1
2
fmC2

n þ IaD
2
n � 2mbxaCnDng ð18Þ

and the generalized stiffness Kn follows from Eq. (17).

2.3. Generalised aerodynamic coefficients

The generalized aerodynamic coefficients are derived by applying the principle of virtual
work. The aerodynamic strip theory of Theodorsen for unsteady lift and moment [23]
and the normal modes obtained above, are used when applying the principle of virtual work.
Thus if the bending displacement and torsional rotation in the ith mode are HiðxÞ and CiðxÞ; and
the corresponding generalized co-ordinate is qiðtÞ; then for a number of n modes, the time-
dependent bending displacement hðx; tÞ and torsional rotation cðx; tÞ can be expressed,
respectively, as

hðx; tÞ ¼
Xn

i¼1

HiðxÞqiðtÞ; ð19Þ

and

cðx; tÞ ¼
Xn

i¼1

CiðxÞqiðtÞ: ð20Þ

Eqs. (19) and (20) can be written in matrix form as

hðx; tÞ

cðx; tÞ

" #
¼

H1ðxÞ H2ðxÞ ? ? HnðxÞ

C1ðxÞ C2ðxÞ ? ? CnðxÞ

" # q1ðtÞ

q2ðtÞ

^

^

qnðtÞ

2
6666664

3
7777775
: ð21Þ
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If LðxÞ and MðxÞ are, respectively, the unsteady lift and moment at a spanwise distance x ¼ y=L

from the root, the virtual work ðdW Þ done by the aerodynamic forces is given by

dW ¼
Xn

i¼1

dqi

Z 1

0

½LðxÞHiðxÞ þ MðxÞCiðxÞ� dx: ð22Þ

Eq. (22) can be written as

dW1

dq1
dW2

dq2

^

^
dWn

dqn

2
6666666666664

3
7777777777775
¼

Z 1

0

H1 C1

H2 C2

^ ^

^ ^

Hn Cn

2
6666664

3
7777775

LðxÞ

MðxÞ

" #
dx: ð23Þ

The unsteady lift LðxÞ and moment MðxÞ in two-dimensional flow given by Theodorsen can be
expressed as [26–28]

LðxÞ

MðxÞ

" #
¼

A11 A12

A21 A22

" #
hðx; tÞ

cðx; tÞ

" #
; ð24Þ

where

A11 ¼ �prU2f�k2 þ 2CðkÞikg;

A12 ¼ prU2b½ðahk2 þ ikÞ þ 2CðkÞf1þ ikð0:5� ahÞg�;

A21 ¼ �prU2bf2CðkÞikð0:5þ ahÞ � k2ahg;

A22 ¼ prU2b2½2ð0:5þ ahÞCðkÞf1þ ikð0:5� ahÞg þ
k2

8
þ k2a2h þ ðah � 0:5Þik�: ð25Þ

In Eqs. (25), U ; b; r; k;CðkÞ and ah are in the usual notation: the airspeed, semi-chord, density
of air, reduced frequency parameter (defined as k ¼ ob=U), Theodorsen function and elastic axis
location from mid-chord, respectively [26–28]. Note that the signs of A11 and A21 as given in Refs.
[26–28] have been reversed because h is considered positive upward in this paper.
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Substituting Eqs. (24) and (21) into Eq. (23) gives

dW1

dq1
dW2

dq2

^

^
dWn

dqn

2
6666666666664

3
7777777777775
¼

Z 1

0

H1 C1

H2 C2

^ ^

^ ^

Hn Cn

2
6666664

3
7777775

A11 A12

A21 A22

" #
H1 H2 ? ? Hn

C1 C2 ? ? Cn

" # q1ðtÞ

q2ðtÞ

^

^

qnðtÞ

2
6666664

3
7777775
dx

¼

QA11 QA12 ? ? QA1n

QA21 QA22 ? ? QA2n

^ ^ & ^

^ ^ & ^

QAn1 QAn2 ? ? QAnn

2
6666664

3
7777775
;

q1

q2

^

qn

2
6664

3
7775; ð26Þ

where ½QA� is the generalized aerodynamic matrix with

QAij ¼
Z 1

0

ðA11HiHj þ A12HjCi þ A21HiCj þ A22CiCjÞ dx: ð27Þ

The elements of generalized aerodynamic matrix ½QA� are complex terms because the terms A11;
A12; etc., in Eq. (27) are complex (see Eq. (25)). By contrast, the generalized mass and stiffness
terms (see Eqs. (18) and (17)) are both real. Expressions for each of the integrals in Eq. (27) are
very simple both for i ¼ j and iaj as a result of using simple support end conditions of the bridge.
However, care should be exercised while writing down these integrals because each value of n in
Eq. (9) gives two successive natural frequencies as a result of the7sign before the square root
expression. Thus, if H1 and H2 are the first two bending modes corresponding to n ¼ 1; and H3

and H4 are the third and fourth bending modes corresponding to n ¼ 2; then it follows from
Eq. (6) that

R 1

0 H1H2 dx ¼ C1C2=2;
R 1

0 H1H3 dx ¼ 0;
R 1

0 H1H4 dx ¼ 0;
R 1

0 H2H3 dx ¼
0;
R 1

0 H3H4 dx ¼ C3C4=2:
The real and imaginary parts of the complex terms A11; A12; A21 and A22 in Eq. (27) are

dependent on the Theodorsen function CðkÞ (see Eq. (25)), which can be expressed in the
following form (see Ref. [26, p. 396]).

CðkÞ ¼ F þ iG; ð28Þ

where F and G are real functions of the variable k given by [26–28].

F ¼
fJ1ðJ1 þ Y0Þ þ Y1ðY1 � J0Þg

fðJ1 þ Y0Þ
2 þ ðY1 � J0Þ

2g
; ð29Þ

G ¼
�ðY1Y0 þ J1J0Þ

fðJ1 þ Y0Þ
2 þ ðY1 � J0Þ

2g
; ð30Þ

and
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J0; J1; Y0 and Y1 are standard Bessel functions of first and second kinds of argument k [26–28].
With the help of Eq. (28) the real and imaginary parts of the terms A11; A12; A21 and A22 in

Eq. (25) can be expressed as

A11R ¼ prU2ðk2 þ 2kGÞ;

A11I ¼ � 2prU2kF ; ð31Þ

A12R ¼ prU2bfahk2 þ 2F � 2kGð0:5� ahÞg;

A12I ¼ prU2bfk þ 2G þ 2kF ð0:5� ahÞg; ð32Þ

A21R ¼ prU2bfkGð1þ 2ahÞ þ k2ahg;

A21I ¼ � prU2bkF ð1þ 2ahÞ; ð33Þ

A22R ¼ prU2b2½2ð0:5þ ahÞfF � kGð0:5� ahÞg þ
k2

8
þ k2a2h�;

A22I ¼ prU2b2½2ð0:5þ ahÞfG þ kF ð0:5� ahÞg � kð0:5� ahÞ�; ð34Þ

where the suffices R and I stand for the real and imaginary parts of the coefficients, respectively.

2.4. Formulation of the flutter problem

Using a classical approach, the flutter determinant is formed from the flutter matrix, and this is
formed by summing algebraically the generalized mass, generalized stiffness and the generalized
aerodynamic matrices. Thus for a system without structural damping the flutter matrix ½QF� can
be defined as given by Eq. (35). (Structural damping generally has a small effect on the free
vibrational mode shapes, and it is not included here.)

½QF�fqg ¼ ½�o2½M� þ ½k� � ½QA��fqg; ð35Þ

where ½QA� is the complex ðn � nÞ generalized aerodynamic matrix defined in Eqs. (26) and
(27), ½M� and ½K� are ðn � nÞ diagonal matrices of generalized mass and generalized
stiffness, respectively (with the ith diagonal representing the generalized mass Mi and generalized
stiffness Ki), fqg is the column vector of n generalized co–ordinates and o is the circular frequency
in rad/s.
For flutter to occur, the determinant of the complex flutter matrix must be zero so that from

Eq. (35)

jQFj ¼ j � o2½M� þ ½K� � ½QA�j ¼ 0: ð36Þ

The solution of the flutter determinant can be sought by expanding the above determinant in
algebraic form because each of the terms of ½M�; ½K� and ½QA�; and hence each of the elements of
½QF� is now available in an analytical form.

2.5. Application to classical bending–torsion flutter problem

In the case of classical bending–torsion (binary) flutter of a simply supported suspension bridge,
usually two modes are chosen, one of them is bending dominated and the other is torsion
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dominated. For simplicity it is assumed that these modes are the first two appearing in succession
as a result of using n ¼ 1 in Eq. (9). (Note that such an assumption is not always necessary.) Thus
the two modes which results from n ¼ 1 are given as suffices 1 and 2 so that ðH1;C1Þ and ðH2;C2Þ
are the chosen normal modes of vibration.
Thus Eq. (18) gives

M1 ¼ 1
2
fmC2

1 þ IaD
2
1 � 2mbxaC1D1g;

M2 ¼ 1
2
fmC2

2 þ IaD
2
2 � 2mbxaC2D2g ð37Þ

and from Eq. (17)

K1 ¼ o2
1M1; K2 ¼ o2

2M2: ð38Þ

The real and imaginary parts of the elements of ½QA� can be expressed with the help of
Eqs. (27), (31)–(34) and (6) as

QA11R ¼ 1
2
½A11RC2

1 þ ðA12R þ A21RÞC1D1 þ A22RD2
1�;

QA11I ¼ 1
2
½A11I C2

1 þ ðA12I þ A21I ÞC1D1 þ A22I D2
1�; ð39Þ

QA12R ¼ 1
2
½A11RC1C2 þ A12RC2D1 þ A21RC1D2 þ A22RD1D2�;

QA12I ¼ 1
2½A11I C1C2 þ A12I C2D1 þ A21I C1D2 þ A22I D1D2�; ð40Þ

QA21R ¼ 1
2
½A11RC1C2 þ A12RC1D2 þ A21RC2D1 þ A22RD2D1�;

QA21I ¼ 1
2
½A11I C1C2 þ A12I C1D2 þ A21I C2D1 þ A22I D2D1�; ð41Þ

QA22R ¼ 1
2
½A11RC2

2 þ ðA12R þ A21RÞC2D2 þ A22RD2
2�;

QA22I ¼ 1
2
½A11I C2

2 þ ðA12I þ A21I ÞC2D2 þ A22I D2
2�: ð42Þ

Finally, with the help of Eqs. (31)–(34) and (35), the real and imaginary parts of the elements of
the 2� 2 flutter matrix ½QF � can be written as

QF11R ¼ K1 � o2M1 � QA11R;

QF11I ¼ �QA11I ; ð43Þ

QF12R ¼ �QA12R;

QF12I ¼ �QA12I ; ð44Þ

QF21R ¼ �QA21R;

QF21I ¼ �QA21I ; ð45Þ

QF22R ¼K2 � o2M2 � QA22R;

QF22I ¼ � QA22I : ð46Þ

For flutter to occur, the real and imaginary parts FRðU ;oÞ and FI ðU ;oÞ of the flutter function
FðU ;oÞ; which is in fact the flutter determinant jQFj; must be zero yielding the flutter speed and
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flutter frequency. Thus for the present case, the condition for flutter is given by

FRðU ;oÞ ¼ 0; FI ðU ;oÞ ¼ 0; ð47Þ

where

FRðU ;oÞ ¼ QF11RQF22R � QF11I QF22I � QF12RQF21R þ QF12I QF21I ð48Þ

and

FI ðU ;oÞ ¼ QF11RQF22I þ QF11I QF22R � QF12RQF21I � QF12I QF21R: ð49Þ

With the analytical expressions for QF11R; QF12R; QF21R; QF22R and QF11I ; QF12I ; QF21I ; QF22I

now known, the flutter problem is solved analytically without performing any prior numerical
manipulation.
A simple solution technique would be to compute FRðU ;oÞ and FI ðU ;oÞ for a range of

airspeeds and a range of frequencies and to locate the condition for flutter when FRðU ;oÞ and
FI ðU ;oÞ are identically zero. In actual practice an airspeed is first chosen and FRðU ;oÞ and
FI ðU ;oÞ are computed for a range of frequencies and then the process is repeated for a range of
airspeeds until both FRðU ;oÞ and FI ðU ;oÞ become zero. A computer program is developed to
locate the flutter speed and flutter frequency using the above theory. A significant further
development of this work that is now possible is to automate the search for U and o in order to
establish the flutter condition. The solution can best be achieved by defining a single (real) flutter
function V ðU ;oÞ ¼ F2

R þ F2
I and using a suitable algorithm to search for V ðU ;oÞ ¼ 0:

3. Scope and limitations of the theory

The literature shows that a wide range of analytical models with varying degrees of complexity
has been used to investigate the free vibration and flutter characteristics of suspension bridges. On
the one hand, simple representative section models of a suspension bridge having motion in only
two degrees of freedom have been employed by both past [29,30] and present [31,32] investigators,
which provide considerable insight into the problem. On the other hand, a more detailed analysis
using finite element methods enables a suspension bridge to be modelled in its full complexity
[3–5,8,12]. This paper is a compromise between these extremes of simplified and comprehensive
analysis. In this paper, the structural idealization of the bridge has been modelled as a simply
supported beam coupled in bending and torsion whilst Theodorsen-type unsteady aerodynamics
are assumed in the aerodynamic idealisation. The structural idealization is simpler than the
aerodynamic one in the sense that the beam model is considered to possess equivalent, but
representative, values of the bending, torsional and warping rigidities of the complete bridge.
Thus the influence of individual components such as cables, hangers and towers are not
considered separately. As a consequence the method will not describe exactly the behaviour of a
suspension bridge, but its application is reasonably simple because it leads to a system of two
coupled governing differential equations of motion which have exact solutions. Such an analysis is
useful for parametric studies and for establishing trends, but is restricted in its value because it
assumes that the deck, as a beam, alone contributes to the dynamic behaviour of the complete
bridge. (Note that the mass and stiffness properties of the component structures like cables and
towers can be partially taken into account and incorporated into the deck properties.) It has been
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established by a number of investigators [4,5,7,11,12,17,18] that in the complete analysis
of a suspension bridge, the interaction between the cables, towers and suspended structures
may be important. Although the present analysis is deficient in this respect, it is inherently
conservative because it ignores the stiffness contributions from the towers and cables. In
future work, the coupled bending–torsion beam theory presented in this paper can be extended
further to include the cable equations [33,34], and in the preliminary stage of the theoretical
development, the horizontal component of the cable tension induced in the deck can be taken into
account.
In the aerodynamic idealization of a bridge the expressions for unsteady lift and moment can be

obtained using flutter derivatives [35] as used in studying aircraft flutter. For more reliable and
realistic representations of bridge aerodynamics it may be appropriate to obtain these derivatives
experimentally [14,29] so that the expressions for unsteady lift and moment can be reformulated
accurately. Interested readers are referred to the work of Scanlan who made a detailed
comparison of flutter derivatives of a thin aerofoil with those of bridge decks of different cross-
sections (see Ref. [35], Fig. 3). Thus the Theodorsen expressions for unsteady lift and moment
used in this paper (see Eqs. (24)–(25)) can be replaced by suitably modified expressions based on
experimental flutter derivatives. The subsequent flutter analysis can then be carried out by
applying the rest of the theory.

4. Numerical results and discussion

In order to demonstrate the effectiveness of the analytical method presented in this paper, three
numerical examples are given and the results are discussed as follows.

Example 1. The first example used to illustrate the theory is that of the Innoshima suspension
bridge [7,18] located between Honshu and Shikoku in Japan. The data used for the bridge
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Fig. 3. Solution of the flutter function F ðU ;oÞ ¼ 0 for Innoshima bridge [7,18].

J.R. Banerjee / Journal of Sound and Vibration 260 (2003) 829–845 841



idealized as a beam are as follows:

EI ¼ 8:129� 1013 Nm2; GJ ¼ 6:457� 1011 Nm2; EG ¼ 9:695� 1015 Nm4;

m ¼ 20667 kg=m; Ia ¼ 2:136� 106 kgm; xa ¼ 0:0; ah ¼ 0:0; L ¼ 770 m; b ¼ 13m:

Using the above data and with the help of Eq. (9), the fundamental bending and torsional natural
frequencies were established as oB1 ¼ 1:044 rad/s and oT1 ¼ 2:5079 rad/s, which agree very
closely with the corresponding computed natural frequencies quoted in Refs. [7,18], respectively.
(Table 2 of Ref. [7] gives the natural period of the first symmetric mode of the bridge in vertical
vibration for the hinged connection as 6.0169 s whereas Table 2 of Ref. [18] gives the natural
period of the first symmetric mode in torsional vibration for the hinged connection without the
effect of gravitational stiffness as 2.5760 s. These periods corresponds to natural frequencies of
1.044 and 2.439 rad/s) The corresponding mode shapes for both these frequencies are half sine
waves as given by Eq. (6) with n ¼ 1:
The real and imaginary parts of the flutter function FRðU ;oÞ and FI ðU ;oÞ given by Eqs. (48)

and (49) were computed for a range of frequencies and airspeeds. The density of air is taken to be
at its sea level value of 1.225 kg/m3. The loci of the roots of FRðU ;oÞ and FI ðU ;oÞ are shown in
Fig. 3. The intersecting point at which both FRðU ;oÞ and FI ðU ;oÞ; and hence F ðU ;oÞ ¼ 0; gives
the flutter speed ðUf Þ and the flutter frequency ðof Þ: These calculated values of Uf and of for the
Innoshima Suspension Bridge are 111m/s and 1.89 rad/s as shown in Fig. 3.
The calculated flutter speed of the Innoshima suspension bridge at 111m/s (248mph) is

reasonable and safe. (For a suspension bridge, quoted flutter speeds [8] range from 70 to
104m/s, for example, the calculated flutter speed of Severn bridge in the UK is around 77m/s
[8,11].)

Example 2. The second example used is that of the Jiangyin suspension bridge over the Yangtze
River in China [36,37]. The data used for the analysis are taken from [36] and are as follows:

EI ¼ 8:365� 109 Nm2; GJ ¼ 6:949� 109 Nm2; m ¼ 26680 kg=m;

Ia ¼ 3:688� 106 kgm; xa ¼ 0:0; ah ¼ 0:0; L ¼ 81:2 m; b ¼ 18:45m:

The effect of the warping stiffness was not included in the analysis because the data were not
available. The fundamental bending and torsional natural frequencies are established at 0.838 and
1.68 rad/s, respectively. The computed flutter speed and frequency using the present theory are
72.5m/s and 1.28 rad/s. Ref. [37] does not quote the flutter frequency, but gives the flutter speed of
the bridge using a full aeroelastic model as 74.4m/s, which is in close agreement with the result
obtained using present theory.

Example 3. The final example used is that of the deck model of the Jiangyin suspension bridge
used by the authors of Refs. [36,37]. The data used were taken from Ref. [37, p. 1610] where the
data for model 1 are given, and are as follows:

EI ¼ 13:52 Nm2; GJ ¼ 10:54 Nm2; m ¼ 5:44 kg=m; Ia ¼ 0:1536 kgm;

xa ¼ 0:0; ah ¼ 0:0; b ¼ 0:2635 m; L ¼ 1:16m:

The computed natural frequencies in fundamental bending and torsional vibration are 11.6 and
22.4 rad/s, respectively. The flutter speed and frequency are obtained as 13.7m/s and 17.2 rad/s,
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respectively. The flutter speed of the bridge deck model was established experimentally by wind
tunnel test [37] as 13m/s which agrees very well with the result using present theory.

4.1. The effects of the location of elastic and mass axes on the flutter speed

The theory developed in this paper applies to those cases where the elastic and mass axes are
offset from the central geometric axis of the bridge cross-section (see Fig. 1). The non-dimensional
parameters ah and xa denote the elastic and mass axes locations and are generally expressed as
fractions of the semi-width (b) of the bridge as shown in Fig. 1. In all the three numerical examples
given above these parameters were, of course, set to zero because the bridge cross-sections were
symmetric which is usually the case. However, in order to illustrate the theory for the
unsymmetric cases, the effects of these parameters on the flutter speed of a bridge deck are
studied. For convenience in the presentation of results, three additional non-dimensional
parameters are defined using the usual notation namely, the mass ratio M ¼ m=ðprb2Þ; the
frequency ratio oB=oT of the uncoupled fundamental bending (oB) and torsional (oT ) natural
frequencies of the bridge deck, and the non-dimensional flutter speed Uf =ðboT ). (Note that the
uncoupled fundamental bending (oB) and torsional (oT ) natural frequencies of the bridge deck
can be calculated from Eqs. (10) and (11)). The variation of the non-dimensional flutter speed
Uf =ðboT ) with the elastic axis location ah is shown in Fig. 4 for a bridge deck with M ¼ 20;
oB=oT=0.5 and xa ¼ 0:1: As in the case of aircraft wings when ah assumes negative values so that
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Fig. 4. The effects of elastic and mass axes offset on the flutter speed of a bridge deck.
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the elastic axis is forward of the mid-chord, the flutter speed increases. Such a configuration
results in a reduction of aerodynamic coupling. When ah approaches �0.5 the elastic axis moves
close to the quarter-chord point which is effectively the aerodynamic centre of the bridge deck so
that the aerodynamic coupling reduces almost to zero, resulting in exceptionally high flutter
speeds. In contrast, when ah increases by assuming positive values, the flutter speed decreases
because of the increased aerodynamic coupling. This is clearly evident in Fig. 4.

5. Conclusions

An analytical method for the free vibration and flutter analysis of bridge decks is presented by
deriving explicitly each term required for the whole analysis. This was achieved by extensive
algebraic simplifications to relate the expressions for generalized mass, generalized stiffness and
generalized unsteady aerodynamic terms. The method is free from ill-conditioning problems
usually associated with complex (numerical) matrix manipulation. Using the proposed method,
the flutter speed and frequency of three illustrative examples of bridge decks have been
demonstrated. In future work the current theory can be developed further to include the effects of
cables, towers and other supporting structures.
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